In a recent paper, Vukman [12] gives an elementary but lengthy calculation that yields extensions of a well-known theorem of Posner [10] on centralizing derivations of prime rings. The purpose of this note is to show that by using the theory of differential identities one can fairly quickly generalize the results of Vukman to higher commutators, eliminate his restriction on characteristic, and extend the results from prime rings to Lie ideals in prime rings.
In a recent paper, Vukman [12] gives an elementary but lengthy calculation that yields extensions of a well-known theorem of Posner [10] on centralizing derivations of prime rings. The purpose of this note is to show that by using the theory of differential identities one can fairly quickly generalize the results of Vukman to higher commutators, eliminate his restriction on characteristic, and extend the results from prime rings to Lie ideals in prime rings.
The theory of differential identities was formally initiated by Kharchenko [5] . Its use here will not be explicit and arises only in reference to results in subsequent work of Chuang [1] and the author [6] . The one related object we need to mention is the symmetric quotient ring, introduced in [5] and required in [1] and [6] (see [9] for some details). Henceforth, we let R denote a prime ring with extended centroid C and symmetric quotient ring Q. All that we need here about these objects is that R c Q, Q is a prime ring whose center is the field C, and that C is the centralizer of ^ in Q. By D we always mean a nonzero derivation of R, and D = ad(;4) for A £ Q implies that We consider the more general Engel condition when for a fixed k > 0, [D(x), x]k = 0 for all x £ L, a noncommutative Lie ideal of R. Our first theorem will give the result for ideals. It incorporates the arguments needed for Lie ideals but avoids some technical complications of that case.
Two well-known observations are crucial to our arguments and for convenience we state them as lemmas. Lemma 2. Let R be a noncommutative simple algebra, finite-dimensional over its center Z . If g(xi, ... , xt) £ R *z Z{x,} , the free product over Z, is an identity for R that is homogeneous in {xi, ... , xt} of degree d, then for some field F and n > 1, PC Mn(F) and g(xi, ... , xt) is an identity for Mn(F). Proof. This is essentially [11, Theorem 2.3.29, p. 131], at least when g(xi, ... , xt) is a polynomial identity. We provide a short argument that will be needed later. If Z is finite then R = M"(F), and there is nothing more to prove. When Z is infinite, then Mn(F) = R®z F for F a splitting field of R, and standard arguments show that P <g> F satisfies g{xi). We can now prove our first theorem. [2] to obtain the contradiction A £ C , and so D = 0. However, the argument here is not difficult and is needed for the Lie ideal case, so we proceed with it.
Since 7 satisfies g(x), it follows that RC is a primitive ring with 77 = soc(PC) ^ 0 and eHe is finite dimensional over C for any minimal idempotent e £ RC [6, Proposition, p. 769; 8, Theorem 2, p. 587]. We may assume that 77 is not commutative, since otherwise R is commutative, finishing the proof. We claim that 77 satisfies g(x). If C is finite then JC C 7 for some nonzero ideal J of R, and since 77 is the minimal ideal in RC, H C JC CI does satisfy g(x). When C is infinite the proof of Lemma 2 works: in that argument take a large collection of {zj} C C and an ideal J c 7 of R with J Zj CI for all Zj; then using all r,; g J shows that 77 C JC satisfies g(x). Consequently, we must have char(P) = 2, and since R C 77 c M2(F), the proof is complete.
